INTRODUCTION
In this paper, we want to highlight the close relationship between permutation groups and combinatorial species introduced by A. Joyal in [4] .
In Sections 1 and 2, the main properties of species (operations, cycle index series, molecular and atomic species, ring of virtual species) and of the Burnside ring (of the symmetric group S,) are reviewed.
There is a bijection @ (with inverse !?) between the set of isomorphism classes of transitive &-sets (or the set of conjugacy classes of subgroups of S,) and the set &, of isomorphism classes of "molecular" species of degree n. Properties of these bijections are considered in Section 3. Since permutations groups are studied a lot in the literature (sometimes using computers), this can be applied to answer some questions about species.
In Section 4, various extensions of the coefficients (from N to a ring A) are considered. The main problem here is to define substitution of A-species. This was done in [17] when A is a "binomial ring." A. Joyal solved the problem when A is Z or any "splitting a-ring" (Talk at the "Colloque de combinatoire enumerative," UQAM, May 1985) . Both cases can be transfered to Burnside rings using bijection 0.
COMBINATORIAL SPECIES
Let B be the category (in fact, a groupoid) of finite sets and bijections. A species T is a functor from B to B. Given a finite set U, T[U] is called the set of T-structures ( There are three formal series associated to T: As usual let 0 be the empty species and 1, X, E, E*, C, S, and L be the species of empty set, singletons, sets, oriented sets, cyclic permutations, permutations, and linear orders, respectively. EXAMPLES.
We assume the reader is familiar with the following operations on species; the sum, T + M; the product, T. M; the Cartesian product, T x M; the substitution, To M (if MC@] = @), and the derivative, T'.
Two species, T and M, are said to be equipotent
they are said to be isomorphic (we write T= M) if there is a natural equivalence between the two functors T and M. If T = M then T(x) = M(x), F(x) = l@(x), and z,= Z.&f, but the converse is not true. Recall the following results from [4] (see also [7, 11, 181) . Remark. If T is molecular than T= T, for some n and T[n] is a transitive &-set (i.e., all the T-structures are isomorphic).
From now on we work up to isomorphism and identify a species with its isomorphism class.
Let ~3~ (resp. &J be the set of molecular (resp. atomic) species of degree n and &=U,,,,&, and &=u,,,&". The sets .Hti and d, have been studied extensively (for n 6 5) in [8, Let Yn be the semi-group of degree n species (with Cartesian product, it is in fact a semi-ring), then BY = Ona 9, and Y = n,,, 9, are the semigroups of polynomial species and species, respectively. Let VYnspn, -f-BY = On>lJ YYn and VY=n,,,, V9" be the group completions of these semi-groups. By definition, an element T-R = YY is called a virtual species and T, -R, = T2 -R2 iff T1 + R, = T, + R,. It is easy to see [8, 12, 181 that "Y5$, is the free abelian group generated by -dc,. Any element T of Yn (resp. VYn) can the written uniquely as T= c tMM, where tMe N (resp. Z).
ME-K"
This is the molecular decomposition of T.
Moreover, Yeh [17] proved that any MEA can be written uniquely (up to permutation of the factors) as where yA(M) E N This is the atomic decomposition of M.
We have (considering only the additive structure involved)
where fVcX) (resp. P") is the free abelian semi-group (resp. group) generated by the set X With the Cartesian product, 9n is a ring; with the usual product . of species, VP'Y (resp. VU) is a polynomial (resp. power series) ring in an infinite number of variables, the atomic species
Both TB9' and YY are UFD, as proved by Yeh [17] . (1) Z, acts on C, (n > 3) by 1 . u = a-'; C,/Z, = P, is the species of n-gons.
(2) Z, acts on P, by "complementation of the edges"; P,/Z, is a nice atomic species whose derivative is C,. 
is the wreath product We now show that @, which sends H (up to conjugacy) to X"/H (up to isomorphism), also "preserves cycle polynomials." Let A = (A,, A2, . ..) be a partition of n. We denote S1 c S, the set of permutations of type A. It is well known that ISAl = n!/l"'R, ! 2"*A,! . . . Consider the action of S, on SJH, where H is an arbitrary subgroup of S,. Proof.
THE BURNSIDE RING
Let G be a finite group; the set of isomorphism classes of G-sets forms a semi-ring ( + and x being induced by disjoint union and Cartesian product, respectively) whose completion is called the Burnside ring 
It is well known [3] that, as an abelian group, B(G) is freely generated by the transitive G-sets. If H is a subgroup of G then G/H is a transitive G-set (g'(gH) = (g'g) H) uniquely defined, up to isomorphism, by the conjugacy class [H] of H. Moreover any transitive G-set is of that sort. In other words, any G-set is isomorphic to 1 aHGIH CHI E PC with a's in N (P, being the poset of conjugacy classes of subgroups of G).
An Then the column vector (a J)cJ1 e pG is computed by multiplying the Burnside matrix of G by the column vector (q501H( J) . da,K(J))CJI E pC.
Proof: Compute the marks of both sides and solve the system of linear equations in the a's so obtained. all the operations +, x , -, 0, ' in 8VsP and -YY can then be transferred to PB(S) and B(S) so that @ preserves all the structures involving these operations. For example, the fact that the rings SYY and Y"Y are UFD was proved [17] by showing that PB(S) and B(S) are. The Cartesian product of two molecular species of degree ~7 can be computed using the table of marks of S, (a triangular 96 by 96 matrix( !) given by Wensley [ 163) with Proposition 2.1 or directly in V"Y,,, n < 4, as in [ 18, p. 3651.
Let SCF(G) denote the ring of supercentral functions of G: i.e., SCF(G) = {f: P, +C}. It is well known that the map: B(G)+SCF(G) (G-set X goes to the map qX), where (p,[H] = mark of H on X= )(x E X I Vh E H, hx = x>, is a ring monomorphism (see [6] ). In terms of species this corresponds to Y-x z 9 B(S,) + SCF(S,) defined by sending T to the super central function, P, + Cc, defined by H goes to tpIH, where T= c t,M. ME"u" Those species are always atomic (the converse is not true (see [12] ), since if A4 is non-atomic then M = S. T 
with deg S > 0 and deg T > 0 and M' = S' . T + S. T' is non-molecular.
If H is also primitive (see [14] for definition) then X"/H will certainly not be a non-trivial substitution. But again the converse is not true since a species as simple as C4 (cycles of length 4) is not a substitution but has an imprimitive "stabiliser." Since there are 4 molecular species of degree 3, but only 3 partitions of 3, one can easily find two (non-molecular) species of degree 3 having the same cycle index series but which are not isomorphic, namely, L, + 2E, and C, + 2X. E,, with z=4x3+xlxz+zx 3 1 3 3.
Looking at tables of subgroups of S, (see [16] ) one can find two molecular non-isomorphic species having the same cycle index series, namely, X"/Qr and X6/Q,, where (4) the number of conjugacy classes of transitive subgroups of S, (see [2] ) which we know is the number of isomorphic classes of molecular species with a molecular derivative: 1, 2, 5, 5, 16, 7, 50, 34,45, 8, . . . The concepts of species (resp. virtual species) and N-species (resp. Z-species) coincide. Let K be a binomial half-ring. We can extend the operations +, . Of course, the terms must be collected on the right sides of (4.2), (4.3), (4.4) . It is possible to do so because: given a molecular species M, there are only finitely many pairs of molecular species (S, T) such that M = S. r; linitely many pairs of molecular species (U, I') such that A4 is a subspecies of U x V; and finitely many molecular species W such that A4 is a subspecies of IV'. Tables for S( -2' ) and S(G) for molecular species of small degree can be found in [18] . By associativity of substitution for real species, f,,,, and g, agree when natural numbers are substituted for pA, qB, and rC, and hence they agree when arbitrary elements of K are substituted. Similar arguments prove all the identities involving +, ., x , 0, ', 0, and 1. There is an equivalent definition. For x E R; consider the formal power series /l,(x) = no(x) + A'(x)t + 12(X)? + . . .
Then the requirements are that n"(x) = 1, 1'(x) = x, and I,(x+y) = A,(x)l,(y). In this form it is evident that n,(O) = 1 and A,( -x) = l/n,(x). Let R be a pre-A-ring: an element x E R is of finite degree n if n,(x) is a polynomial of degree n; in other words, if Am(x) =0 for all m > n, but AH(x) # 0. for some polynomials P, and Q,, (see [6] ). (ii) Each element r E R is expressible in the form r = x + a, (a finite sum in which each summand is plus-or-minus an element ai of degree 1).
(iii) The product of two elements of degree one is again of degree one.
The splitting principle [6] says that every A-ring can be embedded in a splitting I-ring. If we want to extend the operator 0 to a splitting ring A, then the key point is to define eax for any a E A and the exponential species ex (see [ 181 for more details).
For any a E A, a = 1 ai for some finite N and all elements ai of degree 1. Then where rnA is the monomial symmetric polynomial in the variables aI, a2, . . . . aN (see C61).
As in the case of K-species, propositions (4.1), (4.2), and (4.3) can then be used to define substitution of I-species (see Definition 4.5) . Note that all the identities involving +, ., x , 0, ', 0, and 1, which are true for species remain true for I-species. For example, the proof of Theorem IV still works.
